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Abstract 

It is shown that the geometry of a class of multisymplectic manifolds, that is, smooth 
manifolds equipped with a closed nondegenerate form of degree greater than 1, is char- 
acterized by their automorphisms. Such a class is distinguished by a local homogeneity 
property. Thus, locally homogeneous multisymplectic manifolds extend the family of 
classical geometries possessing a similar property: symplectic, volume and contact. The 
proof of the first result relies on the characterization of invariant differential forms with 
respect to the graded Lie algebra of infinitesimal automorphisms and on the study of the 
local properties of Hamiltonian vector fields on multisymplectic manifolds. In particular 
it is proved that the group of multisymplectic diffeomorphisms acts transitively on the 
manifold. It is also shown that the graded Lie algebra of infinitesimal automorphisms 
of a locally homogeneous multisymplectic manifold characterizes their multisymplectic 
diffeomorphisms . 
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1 Introduction and statement of the main results 



It is well-known that some classical geometrical structures are determined by their automor- 
phism groups, for instance it was shown by Banyaga 0|, 0], (H that the geometric structures 
defined by a volume or a symplectic form on a difFerentiable manifold are determined by their 
automorphism groups, the groups of volume preserving and symplectic diffeomorphisms re- 
spectively, i.e., if {Mi, Oj), i = 1, 2 are two paracompact connected smooth manifolds equipped 
with volume or symplectic forms aj and G{Mi, Oj) denotes the group of volume preserving or 
symplectic diffeomorphisms, then if G{Mi, ai) G{M2, 02) is a group isomorphism, there 
exists (modulo an additional condition in the symplectic case) a unique C°°-difFeomorphism 
ip: Ml M2 such that <&(/) = (/? o / o ip~^, for all / G G{Mi,ai) and ip*a2 = cai, with c 
a constant. In other words, group isomorphisms of automorphism groups of classical struc- 
tures (symplectic, volume) are inner, in the sense that they correspond to conjugation by 
(conformal) diffeomorphisms. 

An immediate consequence of the previous theorem is that if (M, a) is a manifold with a 
classical structure (volume or symplectic) and the differential form /3 is an invariant for the 
group G{M, a), then necessarily (3 has to be a constant multiple of exterior powers of a. In 
other words, the only differential invariants of the groups of classical diffeomorphism are mul- 
tiples of exterior powers of the defining geometrical structure. The infinitesimal counterpart 
of this result was already known in the realm of Classical Mechanics. In 1947 Lee Hwa Chung 
stated a theorem concerning the uniqueness of invariant integral forms (the Poincare-Cartan 



integral invariants) under canonical transformations [21|. His aim was to use that result in 
order to characterize canonical transformations in the Hamiltonian formalism of Mechanics; 
that is, canonical transformations are characterized as those transformations mapping ev- 
ery Hamiltonian system into another Hamiltonian one with respect to the same symplectic 



structure. Afterwards, this result was discussed geometrically |24| and generalized to presym- 
plectic Hamiltonian systems |l2| . The main result there was that in a given a symplectic 
(resp. presymplectic) manifold, the only differential forms invariant with respect to all Hamil- 
tonian vector fields are multiples of (exterior powers of) the symplectic (resp. presymplectic) 
form. Since symplectic and presymplectic manifolds represent the phase space of regular 
and singular Hamiltonian systems respectively, this result allows to identify canonical trans- 
formations in the Hamiltonian formalism of Mechanics with the symplectomorphisms and 
presymplectomorphisms group, on each case. 

Returning to the general problem of the relation between geometric structures and their 
group of automorphisms, it is an open question to determine which geometrical structures are 
characterized by them. Apart from symplectic and volume, contact structures also fall into 
this class [0. Recent work of Grabowski shows that similar statements hold for Jacobi and 



Poisson manifolds |19, |l|]. Our main result shows that a class of multisymplectic manifolds 
are determined by their automorphisms (finite and infinitesimal) . Multisymplectic manifolds 
are one of the natural generalizations of symplectic manifolds. A multisymplectic manifold 
of degree /c is a smooth manifold M equipped with a closed nondegenerate form 17 of degree 
k >2 (see |l^ for more details on multisymplectic manifolds). In particular multisymplec- 
tic manifolds include symplectic and volume manifolds. A diffeomorphism ip between two 
multisymplectic manifolds (Mj,rjj), i = 1,2, will be called a multisymplectic diffeomorphism 
if ip*i^2 = ^1- The group of multisymplectic diffeomorphisms of a multisymplectic manifold 
(M, il) will be denoted by G{M,Q,). Multisymplectic structures represent distinguished co- 
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homology classes of the manifold M but their origin as a geometrical tool can be traced back 
to the foundations of the calculus of variations. It is well known that the suitable geometric 
framework to describe (first order) field theories are certain multisymplectic manifolds (see, 
for instance |l^, |l6|, |l^, |2^, ^ |2^, 30, ^] and references quoted therein). The auto- 



morphism groups of multisymplectic manifolds play a relevant role in the description of the 
corresponding system and it is a relevant problem to characterize them in similar terms as 
in symplectic geometry. 

A crucial property for multisymplectic structures is their local homogeneity properties 
(see Section 4). Then, working with multisymplectic manifolds verifying this property, our 
main results are: 



Theorem 1 Let {Mi,Qi), i = 1,2, be two locally homogeneous multisymplectic manifolds and 
G{Mi,VLi) will denote their corresponding groups of automorphisms. Let <5:G(Mi,$7i) 
G(M2,f^2) be a group isomorphism which is also a homeomorphism when G{Mi,Qi) are 
endowed with the point-open topology. Then, there exists a C°° diffeomorphism ip: Mi 
M2, such that ^{f) = if o f o ip~^ for all f E G{Mi,^li) and the tangent map (f^ maps 
locally Hamiltonian vector fields o/(Mi,r2i) into locally Hamiltonian vector fields of {M2,^2)- 
In addition, if we assume that ip^ maps all infinitesimal automorphisms of (Mi,ili) into 
infinitesimal automorphisms of {M2,^2) then there is a constant c such that (p*n2 = cOi. 



This result generalizes the main theorems in (Thms. 1 and 2) which are in turn gen- 
eralizations of a theorem by Takens |32]. The proof presented here, contrary to the proof in 
1^, will not rely on the generalization by Omori [28| of Pursell-Shanks theorem [ p9| which 
do not apply to this situation because of the lack of local normal forms for multisymplec- 
tic structures. However we will use the following partial generalization of Lee Hwa Chung 
theorem. 



Theorem 2 Let (M, Q) be a locally homogeneous multisymplectic manifold of degree k, then 
the only differential forms of degree k invariant under the graded Lie algebra of infinitesimal 
automorphisms of are real multiples of . 

Local properties of multisymplectic diffeomorphisms of locally homogeneous multisym- 
plectic manifolds will play a crucial role along the discussion. They steam from a localization 
property for Hamiltonian vector fields that will be discussed in Lemma |2|. These local prop- 
erties are used to prove another result interesting on its own: the group of multisymplectic 
diffeomorphisms acts transitively on the underlying manifold. The transitivity of the group 
of multisymplectic diffeomorphisms relies on the fact that Hamiltonian vector fields span the 
tangent bundle of the manifold as shown in Lemma ^ 

The paper is organized as follows: in Section 2 we establish some basic definitions and 
results, mainly related with the geometry of multisymplectic manifolds. Section 3 is devoted 
to the definition and basic properties of the graded Lie algebra of the infinitesimal automor- 
phisms of multisymplectic manifolds. In Section 4 the definition and some characteristics of 
locally homogeneous multisymplectic manifolds is stated, in particular the localization lemma 
for multisymplectic diffeomorphisms, and the strong local transitivity of the group of multi- 
symplectic diffeomorphisms is proved for locally homogeneous multisymplectic manifolds. In 
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Section 5 we will prove the main results on the structure of differential invariants of locally 
homogeneous multisymplectic manifolds. Finally, in Section 6, these results are used to char- 
acterize the multisymplectic transformations and the proof of the main theorem is completed 
in Section 7. 

All manifolds are real, paracompact, connected and C°°. All maps are C°°. Sum over 
crossed repeated indices is understood. 



2 Notation and basic definitions 



Let M be a n-dimensional differentiable manifold. Sections of A"^{TM) are called m- 

multivector fields in M, and wc will denote by X™'(M) the set of m-multivector fields in 
M. Let ft € fi^{M) be a differentiable fc-form va. M {k < n). For every x G M, the form 
Vtx establish a correspondence Clmix) between the set of m-multivectors A™'(Ta,M) and the 
{k - m)-forms A'=-"*(T*M) as 

If V is homogeneous, v = vi A . . . A Vm, then i{v)Qx = ^("^i A ... A Vm)^x = ^('"i) • • • i{vm)^x- 
Thus, an m-multivector X G X^(M) defines a contraction i{X) of degree m of the algebra 
of differential forms in M. 

The fc-form 0, is said to be m-nondegenerate (for l<m<A; — l)iff, for every a; G M 
the subspace ker Q,jn(x) has minimal dimension. Such subspace will be usually denoted by 

ker"*rij;. If is m-nondegenerate and \ ^ \<\ , ^ |, then dim (ker"* $7 j,) = 0, but 

\ m j \ k — m j 

if I " l>l , ^ 1, then dim (ker"* O^) = I " )_( " ]. The form will be said 
\ml\k — ml \ml\k — ml 

to be strongly nondegenerate iff it is m-nondegenerate for every m = l,...,A; — 1. Thus, 

the m-nondegeneracy of implies that the map Qm:A'^{TM) — > A'^~"*(T*M) is a bundle 

monomorphism in the first situation or a bundle epimorphism in the second case. The image 

of the bundle TM by Cl^ will be denoted by Em- Often, if there is no risk of confusion, we 

will omit the subindex m and we will denote Cl^ simply by il. 

If X G X^iM), the graded bracket 

[d,i{x)] = di{x) - (-iri(x)d 

where d denotes as usual the exterior differential on M, defines a new derivative of degree 
m - 1, denoted by L{X). If X G X\M), and X G X\M) the graded commutator of L{X) 
and L(y) is another operation of degree i + j — 2 of the same type, i.e., there will exists a 
{i + j — l)-multivector denoted by [X, Y] such that, 

[L(x),L(y)] = L([x,y]). 

The bilinear assignement X,Y [X, Y] is called the Schouten-Nijenhuis bracket of X, y. 



Let X, Y and Z homogeneous multivectors of degrees k respectively, then the Schouten- 
Nijenhuis bracket verifies the following properties: 
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1. [x,Y] = 

2. [x,Y AZ] = AZ + A 

3. [Y,z]] + (-i)(i+i)(»+i)[y, [z,x]] + = o. 

The exterior algebra of multivectors has the structure of an odd Poisson algebra, sometimes 
also called a Schouten algebra. This allows us to define an structure of an odd Poisson graded 
manifold on M whose sheaf of super functions is given by the sheaf of multivector fields and 
the odd Poisson bracket is the Schouten bracket. 

Definition 1 Let M be a n- dimensional differentiable manifold and Q, G Q^{M). The couple 
(M, rj) is said to he a multisymplectic manifold ifVt is closed and 1-nondegenerate. The degree 
k of the form 0, will be called the degree of the multisymplectic manifold. 



Thus, multisymplectic manifolds of degree k = 2 are the usual symplectic manifolds, 
and manifolds with a distinguished volume form are multisymplectic manifolds of degree its 
dimension. Other examples of multisymplectic manifolds are provided by compact semisimple 
Lie groups equipped with the canonical cohomology 3-class, symplectic 6-dimensional Calabi- 
Yau manifolds with the canonical 3-class, etc. Notice that there are no multisymplectic 
manifolds of degrees 1 or n — 1 because ker Q is nonvanishing in both cases. 

Apart from the already cited, another very important class of multisymplectic manifolds 
are the multicotangent bundles: let Q be a manifold, and tt: A'^{T*Q) —>■ Q the bundle of 
A;- forms in Q. Then, A'^(T*Q) is endowed with a canonical A;- form S f2^{A^{T*Q) defined 
as follows: if q G A''{T*Q), and C/i, . . . , Uk G Ta(A^(T*Q), then 

Qa{Ui, ... ,Uk) := i{TTMi A ... A TT^Uk)a 

If (x* 

)Pn,...,ife) is a system of natural coordinates inW d A'^(T*(5), then 

|w=Pn,...,ifcdx*^ A ... Adx** 

Therefore, 17 := — d0 G i7'^+^(A'^(T*Q) is a 1-nondegenerate form. Such a structure is often 
called a multicotangent bundle. 



Multisymplectic structures of degree > 3 are abondant. In fact, as it is shown in |2C], if 
M is a smooth manifold of dimension > 7, then the space of multisymplectic structures of 
degree 3</c<n — 3is residual. However there is no a local classification of multisymplectic 
forms, not even in the linear case. 



3 The graded Lie algebra of infinitesimal automorphisms of a 
multisymplectic manifold 



From now on (M, il.) will be a multisymplectic manifold. 
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A multisymplectic diffeomorphism is a diffeomorphism ip: M ^ M such that Lp*Q = 
Q. A locally Hamiltonian vector Eeld on {M,Q) is a vector field X whose flow consists of 
multisymplectic diffeomorphisms. It is clear that X is a locally Hamiltonian vector field iflF 
L(X)r2 = 0, or equivalently, iff i{X)il. is a closed (A: — l)-form. This facts leads to the following 
generalization: 

Definition 2 Let X e X"'(M) (m>l). 

1. X is said to be a Hamiltonian m-multivector field iff i{X)Q is an exact (k — m)-form; 
that is, there exists Q G f2''~"^~^{M) such that 

i{X)n = dC (1) 

2. X is said to be a locally Hamiltonian m-multivector field iffi{X)Q is a closed [k — m)- 
form. In this case, for every point x € M , there is an open neighbourhood W C M and 
C G f2''-"'-^{U) such that 

i{X)n = dC (on W) 

In any case, C is defined modulo closed {k — m — l)-forms. The class of (/c — m — l)-forms 
defined by ^ is said to be the (local) Hamiltonian for X and an element C in this class is said 
to be a local Hamiltonian form for X. Conversely, C € f2P{M) is said to be a Hamiltonian 
p-form iff there exist a {k — p — l)-multivector field X G X{M) such that (||) holds. 

Remarks: 

• If m > k the previous definitions are void and all m-multivector fields are Hamiltonian. 

• There are no Hamiltonian forms of degree higher than k — 2. 

• Any m-multivector field X lying in ker™ is a Hamiltonian multivector field with 
Hamiltonian form the zero form. 

• Locally Hamiltonian multivector fields X of degree k — 1 define closed 1-forms i{X)i}, 
which locally define a smooth function / (up to constants) called the local Hamiltonian 
function of X. 

The following Lemma follows immediately from the previous considerations. 
Lemma 1 Let Q, € Q^{M) be a closed m-nondegenerate form. 

1. For every differentiable form C S f]""^"^ (M) such that { ^ ]<{ . ^ ], there exists 

\ m I \ k — m I 

a (k — m) -locally Hamiltonian multivector field X possessing it as local Hamiltonian 
form, i.e. such that i{X)Q = d^. As a consequence, the differentials of Hamiltonian 
(m — 1) -forms of locally Hamiltonian {k — m) -multivector fields span locally the m- 
multicotangent bundle of M, A'"(T*M). 
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2.1f^^j<^^^ j the family of locally Hamiltonian {k — m)-multivector fields span 
locally the {k — m)-multitangent bundle of M, this is 

A*=-"*(T^M) = span{X,; | L{X)n = , X G X'=~'"(M) }. 

( Proof) 

1. Let Q be m-nondegenerate of degree k. The map 0|^._„, has its rank in the bundle 
A'"(r*M), but ^k-m is the dual map of (up to, perhaps, a minus sign). And as 

is a monomorphism, then ±Cl%^ = A'="™(TM) A™(T*M) is onto. Then, for 

every C G O'^-^iM), dC defines a section of A"^(T*M), hence we can choose a smooth 
{k — m)-multivector field X such that dk-m{x){Xx) = dC(a;), for every x G M. 

Taking a family of coordinate functions x*, the same can be done locally for a family 
of (m — l)-forms x'^^dx^'^ A ... A da;*™, showing in this way that the differentials of 
Hamiltonians (m — l)-forms span locally the m-multicotangent bundle of M. 

2. For every X G X''~"'{M), i{X)n G J7"*(M). But, taking into account the above 
item, for every x G M, there exists a neighbourhood U C M such that i{X)Q,\u = 
/MCi, where e C°°{U) and Q e fi'^'^iM) with i{Xi)n\u = dd for some locally 
Hamiltonian (k — m)-multivector fields Aj. Therefore X\jj = f^Xi + Z, with Z G 
ker'^-"" n- that is, i{Z)n = 0, so Z are also locally Hamiltonian (k — m)-multivector 
fields and the proof is finished. ■ 



Notice that for m = 1, if > 2, then n = < , • Thus if O is 1-nondegenerate, 

\lj-\k-lj 

the above Lemma states that the differentials of Hamiltonian functions of locally Hamiltonian 
{k — l)-multivector fields span locally the cotangent bundle of M and that, on its turn, the 
family of these {k — 1) -Hamiltonian multivector fields span locally the {k — l)-multitangent 
bundle of M. However the previous Lemma says nothing about the Hamiltonian vector fields. 
We will analize this question in the following Section. 

It is immediate to prove that, as for locally Hamiltonian vector fields in symplectic man- 
ifolds, we have the following characterization: 

Proposition 1 A m-multivector field X G X™(M) is a locally Hamiltonian ra-multivector 
field if, and only if, L(A)0 = 0. Moreover, if X,Y are locally Hamiltonian multivector fields, 
then [X, Y] is a Hamiltonian multivector field with Hamiltonian form i{X A Y)Q.. 

( Proof) In fact, if X, Y are multivector fields of degrees l,m respectively we have, 

Li[X,Y])n = L{X)L{Y)n - (-l)'+™L(y)L(A)J7 = 0. 
Moreover, i{[X, Y])n = L{X)i{Y)n - {-iy+"'i{Y)L{X)n = d{i{X)i{Y)n). m 

We will denote respectively by X™(M) and X^(M) the sets of Hamiltonian and lo- 
cally Hamiltonian m-multivector fields in M. It is clear by the previous proposition that 
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0^>o X]^{M) is a graded Lie subalgebra of the graded Lie algebra of multivector fields. We 
will say that a m- multivector field is characteristic if it lies in ker*" Q. The set of character- 
istic fields constitute a graded Lie subalgebra of ©m>o ^Uii^)- Moreover, the characteristic 
multivector fields define a graded ideal of the graded Lie algebra of Hamiltonian multivector 
fields. We will denote the corresponding quotient graded Lie algebra by V|f(M, il), and 

VUM,n) = V]?(M,0) , V]?(M,17) = X[^(M)/r(kerf]„). 

m>0 

Notice that again if m > k, ker™ = A^{TM), hence V^(M,17) = and Vj^(M,Jl) = 
XihiM). Namely, 

k 

V|,(M,0)= V|?(M,0). 

m=0 

Definition 3 The Lie algebra V|f(M, fi) will be called the infinitesimal graded Lie algebra 
of (M, 0) or the graded Lie algebra of infinitesimal automorphisms of (M, Q). 

We can translate this structure of graded Lie algebra to the corresponding Hamiltonian 
forms in a similar way as it is done in symplectic geometry (see for more details on this 
construction). 

We will denote by TiP{M) the set of Hamiltonian p-forms in M and by liP{M) the set 
of Hamiltonian p-forms modulo closed p-forms, TC^^M) = Ti^ {M) / {M) . The classes in 
Ti^{M) will be denoted by C,y meaning by that the class containing the Hamiltonian p-form 
C. Let WiM) := ®p>on'P{M). We can then define a graded Lie bracket on 'H*{M). 

Definition A Let ^ ^ W[M), ( G ■^"'(M) and G X^"P"^(M), G X^"""^(M) their 
corresponding Hamiltonian multivector fields modulo T(keri),^:). The bracket of these Hamil- 
tonian classes (related to the multisymplectic structure Vt) is the {p + m — k + 2) -Hamiltonian 
class {^, containing the form, 

It is an easy exercise to check that {^, ^} is well defined. In the same way that in the 
symplectic case the Poisson bracket is closely related to the Lie bracket, now we have: 

Proposition 2 Let G X^{M), Y"^ G X^{M) Hamiltonian multivector fields and ^ G 
'H^^'^~^{M), C, G 'H^~™'~^{M) the corresponding Hamiltonian classes. Then the Schouten- 
Nijenhuis bracket [X^,Y(^] is a Hamiltonian {p + m — 1) -multivector field whose Hamiltonian 
{k — p — m — 2)-form is {(,£,} j is, 



( Proof ) By definition 



i(Xi^,^})o = d{c,e} 
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On the other hand, because of Prop. || 

ii[x^,Y^])n = di{x^)iiY^)n = d{c,0 (2) 

Thus 

i{x^^,^y)n = i{[Xi:,Y^])n 

and therefore X^^^^y = [X^,y^]. ■ 
As a consequence of this we have: 

Theorem 3 {H*{M), { , }) is a graded Lie algebra whose grading is defined by = k—p — 1 
if rj is a p-Hamiltonian form. 

Remarks: 

• The center of the graded Lie algebra {fi.*{M), { , }) is a graded Lie subalgebra, whose 
elements will be called Casimirs. We must point it out that there are no Casimirs of 
degree 0, i.e., functions commuting with anything, because if this were the case, then 
there will be a function S such that 

{5,r/} = 0, 

for all Hamiltonian forms ry. In particular, S will commute with {k — l)-Hamiltonian 
forms, but this implies that X{S) = 0, for all Hamiltonian vector fields. But this 
is clearly impossible, because Hamiltonian vector fields span the tangent bundle by 
Lemma ^. 

• The graded Lie algebra V|f (M, 0) possesses as elements of degree zero the Lie algebra of 
locally Hamiltonian vector fields on (M, VL) which is the Lie algebra of the ILH-group [^] 
of smooth multisymplectic diffeomorphisms. This suggests the possibility of embracing 
in a single structure of supergroup both smooth multisymplectic diffeomorphisms and 
infinitesimal automorphisms of a multisymplectic manifold (M, $7). This can certainly 
be done extending to the graded setting some of the techniques used to deal with 
ILH-Lie groups. 



4 Locally homogeneous multisymplectic manifolds. The group 
of multisympletic diffeomorphisms 

As it was mentioned earlier, in general, it is not true that the locally Hamiltonian vector fields 
in a multisymplectic manifold span the tangent bundle of this manifold. However, there are 
a simple property, that was already mentioned in the introduction, that implies it (among 
other things). 

Definition 5 Let M be a differential manifold. Consider a point x G M , and a compact set 

o 

K such that x (UK- 
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1. A local Liouville vector field at x is a vector field which verifies that suppA^' := 

o 

{y G M I A^(y) ^ 0} is contained in K, and there exists a diffeomorphism ip: supp A^ — > 

■ d 

M" such that w^A^ = A, where A = x*— ^ is the standard Liouville or dilation vector 

ux^ 

field in M". 

2. A differential form 17 G Q^{M) is said to he locally homogeneous at x if there exists a 
local Liouville vector field A^ at x, such that 

L{A'')Q = cQ , cGM (3) 

is locally homogeneous if it is locally homogeneous for all x € M. 

A couple {M,Q), where M is a manifold and G f2^{M) is locally homogeneous is said 
to be a locally homogeneous manifold. 

Notice that the last property implies that, for every point x S M, there exists a neigh- 

o 

, ^ 

bourhood B of x, with a local Liouville vector field, such that supp A^ = B. 

Clearly, symplectic an volume forms are locally homogeneous. It is important to remark 
that, apart from these ones, multicotangent bundles are locally homogeneous multisymplectic 
manifolds. In fact, let oq € A'^(T*Q), and consider local natural coordinates in a 

small neighbourhood of oq. We define := ^(x*)^ + , and A = A(r^) a bump 

i i 

fuction. Then consider the local Liouville vector field A^ := AA. Therefore, a straighforward 
calculation shows that, for the natural multisymplectic form Q € Q^^^ {A^ {T* Q)) , 

L{Ax)n = [X + 2X'{r^)]n 

Nevertheless, not all the multisymplectic manifolds are locally homogeneous. A simple 
example of such situation is provided by (MJ , O), where G is given by 

n = dx^ A dx^ A dx^ + dx^ A dx^ A dx^ + dx^ A dx*^ A dx'^ 

+dx^ A dx^ A dx*^ - dx^ A dx^ A dx"^ - dx^ A dx^ A dx^ - dx^ A dx^ A dx*^ 

This form is analyzed in |^] , and it is shown that the group of its multisymplectic diffeomor- 
phisms is G2. As it is seen in |2^, this fact contradicts the local homogeneity of (M^, fi). 

At this point, we can show that Hamiltonian vector fields in locally homogeneous multi- 
symplectic manifolds can be localized. This property plays a crucial role in the discussion to 
follow. 

Lemma 2 Let X be a locally Hamiltonian vector field on a locally homogeneous multisym- 
plectic manifold (M, 17) . Let x be a point in M , then there exist neighborhoods V,U of x 
such that V C V C U , V compact, and a locally Hamiltonian vector field X' such that X' 
coincides with X inV and X' vanishes outside ofU. 
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( Proof) Let X be a locally Hamiltonian vector field on (M, 0), i.e., i{X)0, = r] with r] 
a closed {k — l)-form. We shall follow a deformation technique used to show that certain 



forms are isomorphic |27| in a similar way as it is applied to prove Poincare's lemma. Let x 
be a point in M. We shall choose a contractible neighborhood U of x (if necessary we can 
shrink it to be contained in a coordinate chart). Let pt be a smooth isotopy defining a strong 
deformation retraction from U to x, i.e., po = id, and pi maps U onto x. Let Aj be the 
time-dependent vector field whose flow is given by pt, i.e.. 



Then, 
hence, 

* * 
PiV - PoV 

thus. 



^y,r^)=pUUAtH 



f'^AP*tV)dt= f' pUU^t)v)dt = d f' pUii^t)v)dt, (4) 
Jo at Jo Jo 



ri = -d pM^t)v)dt, 
Jo 

and in U, T] = d^ with C = ~ Pti'^i^t)v) dt . 

Jo 

We will localize the vector field X by using a bump function A centered at x, i.e., we shall 
choose A such that V = supp A will be a compact set K contained in U. Unfortunately the 
vector field AX is not locally Hamiltonian, hence we will proceed modifying the Hamiltonian 
form ( of X instead. As M is locally homogeneous at x, we can define a new vector field 
by scaling the vector field A^ by A, i.e., 

a; = XAt. 

We will denote the flow of A^ by p[ . It is clear that the subbundle Ei is invariant by the flow 
p[ of A^. In fact, if C G then there is v such that = (. Thus, p'*C, = p[*{i{v)Q) = 

i{p[^v){p'^VL) o p[. But, as a consequence of @, we have that p'*Q. = fti^, for some ft- Hence 
p'fC € El. Moreover, we can choose the function A such that Ai(A) = r{t) and, 

f if < t < 1/3 

r{t) = < r{t) is a positive function such that ^r{t) > if 1/3 < t < 2/3 . (5) 
[ 1 if 2/3 < t < 1 

hence, as the flow (pt)* leaves invariant the subbundle Ei = r2i(TM), we have that {p't)*rj € 
El for all < t < 1. Again, repeating the computation leading to eq. @, and using the 
vector field A^ instead, we get, 

{p'irv-{Porv = d l\p[nxt{At)v)dt. (6) 

Jo 

As in the undeformed situation (A = 1), />q = Id, but p'-^^ is not a retraction of U onto x. The 

(A; — l)-form rj' = — d / (pj)*(Ai(At)r/)dt is in Ei, because both, {pi)*r] and (/Oo)*r/, are in 
Jo 

El, thus there exists a vector field X' such that 

i{X')n = rj. 
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The form ij' is closed by construction, hence X' is locahy Hamiltonian. 

Moreover, if y is a point lying in the set A~^(l) C V then, p's{y) = Ps{y)- Consequently, 
from eq. (P), r]'{y) = r]{y) and X'{y) = X{y). If y on the contrary lies outside the compact 
set K, we have p[{y) = y for all t because A vanishes there, thus vanishes and the flow is 
the identity. Then r]'{y) = and X'{y) =0. ■ 

A far reaching consequence of the localization lemma is the transitivity of the group of 
multisymplectic diffeomorphisms. We will first proof the following result. 



Lemma 3 Let (M, $7) be a locally homogeneous multisymplectic manifold. Then the family 
of locally Hamiltonian vector fields span locally the tangent bundle of M , this is 

T^M = span{ X^ \ X £ X{M),L{X)n = }. (7) 



( Proof ) We will work locally. Let U he a contractible open neighborhood of a given point 
X € M. We can shrink U to be contained in a coordinate chart with coordinates rr*. The 
tensor bundles of M restricted to U are trivial. In particular the subbundle Ei restricted to 
U is trivial. Let v € T^M an arbitrary tangent vector. Let u = Cli{x)v E i?i C A'^~^(T*M). 
Consider a vector field X on U such that X(x) = v. Then i{X)Q = r] and the {k — l)-form 
r] is not closed in general. We shall consider as in Lemma ^ a strong deformation retraction 
pt and the corresponding vector field A^. Now on one hand we have. 




and on the other hand, 

= d p:{i{A,)rj) ds + pMAs)dv) ds, (8) 
JO ds Jo Jo 

but, because, dr] = di{X)0, = L{X)0,, then 

i{At)dr] = i(At)L(A)0 = i{[At, X])n + L{X)i{At)n. 
Thus, returning to eq. (^), we obtain, 

-r? = d f\li{As)rids+ f' p*M[As, X])n + L{X)i{As)n) ds. 
Jo Jo 

Choosing the vector field X such that its flow leaves Ei invariant the second term on the 
r.h.s. of the previous equation will be in Ei, hence the first term will be in Ei too. Let us 
define r]' = —d (^Jq pli{As)r] ds^ , and let us denote by X' the hamilonian vector field on U 
defined by 

i{X')n = rj'. 

Evaluating 77' at x we find that r]'{x) = r]{x), hence X'{x) = v. Then, we localize the vector 
field X' in such a way that the closure of its support is compact and is contained in U . Then, 
we can extend this vector field trivially to all M and this extension is locally Hamiltonian. 
Finally the value of this vector field at x is precisely v. ■ 
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We shall recall that a group of diffeomorphisms G is said to act r-transitively on M 
if for any pair of collections {xi, . . . ,Xr}, {yi, ■ ■ ■ ,yr} of distinct points of M, there exists 
a diffeomorphism (j) & G such that (j){xi) = yi. If the group G acts transitively for all r, 
then it is said to act w-transitively or transitively for short. The transitivity of a group of 
diffeomorphisms can be reduced to a local problem because (strong) local transitivity implies 
transitivity. More precisely, we will say that the group of diffeomorphisms G is strongly locally 
transitive on M if for each x € M and a neighborhood U of x, there are neighborhoods V 
and W oi X with VciWciWcU,W compact, such that for any y & V there is a smooth 
isotopy (pt on G joining cj) with the identity, 01 = cp, (pQ = id, such that (j)i{x) = y and (pt 
leaves fixed every point outside W. Then, if G is strongly locally transitive on M, then G 
acts transitively on M [0]. 

Theorem 4 The group of multisymplectic diffeomorphisms G{M, Q) of a locally homoge- 
neous multisymplectic manifold is strongly locally transitive on M . 

( Proof ) By Lemma |3| we can construct a local basis of the tangent bundle in the neigh- 
borhood of a given point x made of locally Hamiltonian vector fields X^. Using Lemma 
|2| we can localize the vector fields Xi in such a way that the localized Hamiltonian vector 
fields X^ will have common supports. We will denote this common support by V and we can 
assume that it will be contained in a compact subset contained in U. But the vector fields 
Xj' will generate the module of vector fields inside the support V, hence the flows of local 
vectors fields cover the same set as the flows of local Hamiltonian vector fields, but the group 
of diffeomorphisms is locally strongly transitive and the same will happen for the group of 
multisymplectic diffeomorphisms. ■ 

Corollary 1 The group of multisymplectic diffeomorphisms G{M, Q) of a locally homoge- 
neous multisymplectic manifold (M, fi) acts transitively on M. 

( Proof ) The conclusion follows from the results in Q and Thm. |^. ■ 



5 Invariant differential forms 

In order to prove the main statement in this section, we will establish first two lemmas: 

Lemma 4 Let {M,Q) he a multisymplectic manifold of degree k and a € Q^{M) (with 
p > k — 1) a differential form which is invariant under the set of locally Hamiltonian (k — l)- 
multivector fields, that is, L(X)a = 0, for every X € 'X^f^^{M). Then: 



1. For every X,Y e Xf^^M), 

i{X)n A i{Y)a + i{Y)n A i{X)a = 



(9) 
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2. In particular, for every X G Xf^^^M) with i{X)Q. = (that is, X G ker^'^n), then 

i{X)a = (10) 

( Proof) 

1. Since a is invariant under Xf;^^(M), for every X G Xf^^(M) we have h{X)a = 0, then, 

di{X)a = (-l)^'-^i(X)da (11) 

Let X, y G Xf/7^(-^)) foi' every x G M there exists an open neighbourhood of it, 
U C M, and f,ge C°°(C/) such that i(X)il = df and i(y)i7 = d^ (from now on we 

win write X\u = Xf and Y\jj = Xg). Then, consider the locally Hamiltonian vector 
field Xh G Xf;^^(C/) whose expression in U is X^i = fXg+gXf, its Hamiltonian function 

in U is h = fg e C°°(C/) since 



i{Xh)n = iifXg + gXf)n = fi{Xg)n + gi{Xf)n = fdg + gdf = dh 



Hence 



i{Xh)a = fi{Xg)a + gi{Xf)a 



di{Xh)a = d/ A i{Xg)a + fdi{Xg)a + dg A i{Xf)a + gdi{Xf)a 



and then 



But, taking into account (|11|), 



a 



diiXh)a = f{{-l)^-H{Xg)da) + g{{-l)'-'i{Xf)da) = fdi{Xg)a + gdi{Xf) 

and comparing both results we conclude 

df Ai{Xg)a + dg Ai{Xf)a = (12) 

which is the local expression of equation (^). 

2. Taking X G ker'"'"^ Q in @, the equation (|l2|) gives i{Y)n A i{X)n = for every Y. 
But because of Lemma |^, this implies that, 

dg Ai{X)a = 

for every g G C°°{U); hence, i{X)a = 0, for every X G ker'^""'^ Q. ■ 



Lemma 5 Let (M, Q) be a multisymplectic manifold of degree k and a G f2'^{M) a differential 
form which is invariant under the set of locally Hamiltonian (k — 1) -multivector fields. Then: 



1. If p = k — 1 then a = 0. 
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2. If p = k, there exists a unique a' G C°°(M) such that 

i{X)a = a'i{X)n 

for every X G Xf^^(M). 

( Proof) The starting point is the equahty (|^). Taking X 
then i{X)a = by hypothesis), we obtain 

i{X)nAi{X)a = 

for every X G Xif^^M). Therefore we have: 

1. If p = k — 1 then i{X)a € C°°(M) and, according to the first item of Lemma |l| (for 1- 
nondegenerate forms), ([l^), together with ([lO|), leads to the result i{X)a = 0, for every 
X G Xf^^(M). But, taking into account the item 2 of Lemma Q (for 1-nondegenerate 
forms), this holds also for every X G X^-'iM) and we must conclude that a = 0. 

2. li p = k and i{X)a = for all X, then, a = 0. Thus, let us assume that i{X)i^ / for 
some X, then the solution of eq. (|T^ ) is 

i(X)a = Q^i(X)17 (14) 

and it is important to point out that the equation ( |lO|) for a implies that the function 
a'x G C~(M) is the same for every X,X' G Xf^"^(M) such that i{X)n = i{X')n. 

Now, returning to equation we obtain the relation 

i{Y)n A i{X)niax - ay) = 

But a'x,0!Y G C°°(M) are the unique solution of the respective equations (p^) for each 
X, y G Xif^^{M); then we have the following options: 

• If i{Y)n A i{X)n / then a'^ = a'y. 

• If i{Y)n A i{X)n = then X = + Z, where / G C°°{M) and Z G ker^^^ 17. 
Therefore: 

— If X G ker'^"^ O then y G ker'^"^ fl. Therefore, taking into account the item 2 
of lemma ^ the corresponding equations ( [l^ ) for X and Y are identities and, 
thus, a'x and Oy are arbitrary functions which we can take to be equal. 

— If X ^ ker^^^ 0, then Y ^ ker^~^ 0. Therefore, taking into account the item 
2 of lemma ^, we have 

i{X)a = i{fY + Z)a = fi{Y)a 

= fa'Yi{Y)n = a'yiifY + Z)Q = a'yi(X)rj 

which, comparing with (0), gives a'x = a'y- 

In any case a'x = a'y and, as a consequence, the function a' solution of ( p!3| ) is the same 
for every X G Xf;7^(M). ■ 



= Y ^ ker'^-i (if X G ker'^"^ n 

(13) 
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At this point we can state and prove the following fundamental result: 

Theorem 5 Let (M, il) be a locally homogeneous multisymplectic manifold and a E f2P{M), 
with p = k — l,k a differential form which is invariant by the set of locally Hamiltonian 
{k — l)-multivector fields and the set of locally Hamiltonian vector fields; that is, h{X)a = 
and L{Z)a = 0, for every X G Xf^^(M) and Z G Xih{M). Then we have: 

1. If p = k then a = cQ, with c € K. 

2. If p = k-1 then a = 0. 

( Proof) 

1. First suposse that p = k. 

For every X E X'lf^^{M), according to Lemma ^ (item 2), we have 

i{X)a = a'i{X)n = i{X){a'n) 

where a' G C°°(M) is the same function for every X € Xf^^(M). But, taking into 
account the item 2 of Lemma |l] (for 1-nondegenerate forms), the above equality holds 
for every X £ X''~^{M) and thus a = a'Q. 

Then, for every Z G Xih{M), by hypothesis 

= L{Z)a = {L{Z)a')n. 

Hence L(Z)q' = 0, but because of Lemma |3|, locally Hamiltonian vector fields span the 
tangent space, thus a' = c (constant). So 

i{X)a = ci{X)n = i{X){cn) 

and, taking into account the item 2 of Lemma [l| (for 1-nondegenerate forms) again, 
this relation holds also for every X G X''"'(M), therefrom we have to conclude that 
Q = cfl. 

2. li p = k — 1 the result follows straightforwardly from the first item of the lemma ^. ■ 
Remarks: 

• From Thm. |5| it follows immediately Thm. ^. 

• Another immediate consequence of this theorem is that, if a E Q^{M) is a differential 
form invariant by the sets of locally Hamiltonian {k — l)-multivector fields and locally 
Hamiltonian vector fields, then it is invariant also by the set of locally Hamiltonian 
m-multivector fields, for 1 < m < k — 1. 

• As it is evident, if A; = 2 we have proved (partially) the classical Lee Hwa Chung's 
theorem for symplectic manifolds. 
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6 Characterization of multisymplectic transformations 

Now we are going to use the theorems above in order to give several characterization of 
multisymplectic transformations in the same way as Lee Hwa Chung's theorem allows to 



characterize symplectomorphisms in the symplectic case [21, 24, 17 1. 



A vector field X on a multisymplectic manifold (M, Q) will be said to be a conformal 
Hamiltonian vector Eeld iff there exists a function a such that 

L{X)n = an. (15) 

It is immediate to check that, if 7^ 0, r > 1, then a must be constant. Then: 



Definition 6 A diffeomorphism ip: Mi M2 between the multisymplectic manifolds (Mj,r2j), 
i = 1,2, is said to be a special conformal multisymplectic diffeomorphism iff there exists 
c G R, such that ip*il2 = cCli. The constant factor c will be called the scale or valence of if. 



Therefore we will prove: 



Theorem 6 Let (Mj,$7j), i = 1,2, be two locally homogeneous multisymplectic manifolds. A 
diffeomorphism (p: Mi — > M2 is a special conformal multisymplectic diffeomorphism if, and 
only if, the differential map (/j^=:X(Mi) — > X(M2) induces an isomorphism between the graded 
Lie algebras V^{Mi,Qi), V'^{M2,i^2)- Then we will have that 

In addition, if Xi € X™(Mi) is any Hamiltonian (resp. locally Hamiltonian) multivector 
field with ^1 € fi^~^^^{Mi) a Hamiltonian form for it (resp. locally Hamiltonian in some 
Ui C Ml), and p^Xi = X2 £ X^{M2) with Hamiltonian form G ^2^"'"~H^2) (resp. 
locally Hamiltonian in p{Ui) = U2 C M2); then 

c6 = <^*6 + V (16) 

where r]e f2^-"'-'^ (Mi) is a closed form. In other words, (f* induces an isomorphism between 
classes of Hamiltonian forms. 



( Proof ) Taking into account proposition |T] we have: 

(<;=) For every Xi € X™(Mi) (resp. Xi G XJ^(Mi)) we have that ip^Xi = X2 G 
X^(M2) (resp. X2 G X]^(M2)). In any case L(X2)$72 = 0, then we obtain 

= (/9*L(X2)i72 = L{ip-^X2)ip*n2 = uxi)ip*n2 

therefore, by theorem ^, we have that ip*Q,2 = cQi. 
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{=^) Conversely, for every X^^ G X^(Mi) we have that i{X^^)Qi — d^i = 0. Then, 
since (^*02 = c^li, we obtain 

= ip*'\i{x^,)ni - dCi) = i{ip,x^,)ip*-^ni - ip*-^dCi = ^iiip,x^,)n2 - d^*-^^i 

so, ^*X^^ = £ -^/TC^a) and its Hamiltonian form ^2 £ i7'^~™~^(M2) is related with ^1 
by Eq. II). 

In an analogous way, using (p~^, we would prove that if^^X2 € X™(Mi), for every X2 € 

The proof for locally Hamiltonian multivector fields is obtained in the same way, working 
locally on Ui C Mi and U2 = (p{Ui) C M2. ■ 

As a consequence of the previous theorem there is another characterization of conformal 
multisymplectomorphisms. 



Corollary 2 Let (Mj,rij), i = 1,2, be two locally homogeneous multisymplectic manifolds. 
A diffeomorphism ip: Mi — > M2 is a special conformal multisymplectic diffeomorphism if, and 
only if, for every U2 C M2 and for every ^2 £ ^^(^^2) CLnd C2 £ f2"^{U2) (p,m < k — 1 ), we 
have 

v^*{6,C2} = -{v'*6,v'*C2} (17) 



( Proof ) Let X^^ ^ ^ ^(^^2) and Y^^^ e ^(^2) be Hamiltonian multivector fields 

having ^2 and (2 as Hamiltonian forms in 1/2- 

{=^) We have 

C2} = ^*iiYc,)dC2 = iiv:'Y^,)^*dC2 (18) 

but, if is a conformal multisymplectomorphism (of valence c), according to Thm. ^ 
^-'YC, e X^(Mi) and 

i{v:'Y^,)ni = ^d^*C2 
that is, ip^^Yi^^ = iy^*^2- Therefore, because ofeq. (H) we conclude 

v'*te,C2} = i{ip:%,)^*d^2 = -i(Vc2)¥'*de2 = -w*a,ip*C2} 



(<^=) Assuming that eq. ( p^ holds and using again the definition of Poisson bracket 
we can write it as 

v.*i(ycJd6 = iiip:%,)ip*dC2 = UiY^^C2)^*dC2 

for every ^2- Hence we conclude that 
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for every ^ ^/TC^a) and because of Thm. |^ again, 93 is a special conformal multisym- 
plectomorphism. ■ 



7 Proof of the main Theorem 

We will prove now theorem |l|: 

Let <I> be a group isomorphism from G{Mi,^}i) to G{M2,^l2) which is in addition a 
homeomorphism if we endow G{Mi,Qi) with the point-open topology. Then, Corollary |l] 
implies that the group G{Mi, acts transitively on Mi, i = 1,2, hence by the main theorem 
in there exists a bijective map from Mi to M2 such that = ip o f o (p~^. Moreover 
the map (/j is a conformal multisymplectic diffeomorphism if it verifies the conditions in Thm. 
|l] as the following argument shows. 

• (f is a homeomorphism. 

Let A{M) be the class of fixed subsets of G{M, Q), i.e., 

A{M) = { Fix(/) I / G G{M, n) }, Fix(/) = {xeM\ f{x) = x}. 

Let B{M) be the class of complements of elements of A{M), this is 

B{M) = {B = M - A \ A{M) }, 

hence, B{M) is a class of open subsets of M. If i? € B{M) we can construct a mul- 
tisymplectic diffeomorphism g such that B is the interior of supp((7). In fact, for any 
point X ^ M and a neighborhood U of x, it follows from Lemma |2| that there exists 
B G B{M) such that x £ B C U. Thus, B{M) is a basis for the topology of M. 
Moreover, if / G G(Mi,J^i), then Fix(v9 0/0 ip-^) = ^{Fix{f)) and if 5 G G{M2,n2), 
then Fix{(p^^ o g o ip) = ip^^ {Fi-x.{g)) . Hence, (p, ip~^ take basic open sets (in B{M)) 
into basic open sets, thus they are both continuous, i.e., 93 is a homeomorphism. 

• is a smooth diffeomorphism. 

To proof this we will adapt the proof in |32] and Q to our setting. To prove that ip, 



and (p~^ are C°° it is enough to show that h o (p e C°°{Mi) for all h G G°°{M2) and 
koif-^ e G^{M2) for all k G C7~(Mi). 

Let x G Ml and U an open neighborhood of x which is the domain of a local coordinate 
chart Tp:U ^ R". According to Lemma ^, there exist Hamiltonian vector fields Xi, 
with compact supports on U, which are a local basis for the vector fields on an open 
neighborhood of x contained in U. Let the 1-parameter group of diffeomorphisms 
generated by Xi. Let now X be any locally Hamiltonian vector field on Mi. We 
will localize it on a neighborhood of x in such way that its compact support will be 
contained in U. We will denote the localized vector field again by X. Let (j)t be 
1-parameter group of multisymplectic diffeomorphisms generated by X (which exists 
because X is complete). For each t, "^t '■= ^{'Pt) = y^°4't is a C°° multisymplectic 
diffeomorphism. The evaluation map, 

^ : Kx M2 — ^ M2 

{t,x) ^ ^t{x) = <l>{(t)t){x) = (pO(t)tOip~'^{x) 
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is continuous. Moreover ^'o = Id and ^t+s = ° ^s- Therefore the map ^' is 
a continuous action of R on M2 by C°° diffeomorphisms. By Montgomery-Zippin 
theorem, since R is a Lie group, this action is C°°, i.e, ^ is smooth in both variables 
t and X. Therefore, the 1-parameter group of multisymplectic diffeomorphisms has 
an infinitesimal generator, i.e., a locally Hamiltonian vector field such that, 

A$ = X^, O 

dt 

Given h G C°°(M2), its directional derivative Xif/(h) is a C°° function. For any x G Mi 
we have, 

t=o dt 



X^{h)i^ix)) = ±hi%iipix)) 



t=o 

Therefore if X is any of the Hamiltonian vector fields Xi above, for all y in a small 
neighborhood of x, the preceding formula gives 



X,(/io^)(y)= A(/,o^)(0j(y)) 



= {X,)^{h){^{y)) 

t=0 



This formula shows that ho (p is a C^-map and that for any locally Hamiltonian vector 
field X, 

{X^{h))oip = X{hoip). (19) 

To compute higher partial derivatives, we just iterate this formula using the vector 
fields Xi, for instance, 

{Xjhi{Xi)^{h)) o = Xj{X,(h o ip))), 

Since the Hamiltonian vector fields Xi are a local basis for the vector fields on an open 
neighborhood of x, we have proved that ho p ^ C°°{Mi). 

99* maps locally Hamiltonian vector fields into locally Hamiltonian vector fields. 

Equation (jl^) shows that Xq, = ip^^X and because is a flow of multisymplectic 
diffeomorphisms, then ip^:X is another locally Hamiltonian vector field. Thus, ip^, maps 
every locally Hamiltonian vector field into a locally Hamiltonian vector field. 

is a special conformal multisymplectic diffeomorphism. 

We finally show that, with the additional hypothesis stated in Thm. 1, then p*Q2 = 
cQi. 

In fact, if in addition we assume that the tangent map ip^^ maps all infinitesimal automor- 
phisms of (Ml, ill) into infinitesimal automorphisms of (M2, ^2)5 then as a consequence 
of Thm. P, we have that ip*Q2 = cQi. ■ 



It is important to point out that this conclusion cannot be reached unless this new hy- 
pothesys is assumed, since the starting set of assumptions allows us to prove only that 
maps locally Hamiltonian vector fields into locally Hamiltonian vector fields; but this result 
cannot be extended to Hamiltonian m-multivector fields, with m > 1. 
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8 Conclusions and outlook 



We have shown that locally homogeneous multisymplectic forms are characterized by their 
automorphisms (finite and infinitesimal). As it was pointed in the introduction it is remark- 
able that it is not known a Darboux-type theorem for multisymplectic manifolds, although a 
class of multisymplectic manifolds with a local structure defined by Darboux type coordinates 
has been characterized [^] . This has forced us to use a proof that does not rely on normal 
forms. The statement in Theorem || can be made slighty more restrictive assuming that we 
are given a bijective map ip: Mi M2 such that it sends elements / G G{Mi, Cli) to elements 
ip o f o ip~^ £ G{M2, ^2), then along the proof of the theorem in Section 6 we show that if is 
C°°. The generalization we present here uses the transitivity of the group of multisymplectic 



diffeomorphisms and is a simple consequence of theorems by Wechsler [33| and Boothby 
However we do not know yet if the continuity assumption for $ can be dropped and replaced 
by weaker conditions like in the symplectic and contact cases. To answer these questions it 
would be necessary to describe the algebraic structure of the graded Lie algebra of infinites- 
imal automorphisms of the geometric structure as in the symplectic and volume cases Q. A 
necessary first step in this direction will be describing the extension of Calabi's invariants to 
the multisymplectic setting. 

We will like to stress that in the analysis of multisymplectic structures beyond the sym- 
plectic and volume manifolds, it is necessary to consider not only vector fields, but the graded 
Lie algebra of infinitesimal automorphisms of arbitrary order. Only the Lie subalgebra of 
derivations of degree zero is related to the group of diffeomorphisms, however derivations 
of all degrees are needed to characterize the invariants. It is also meaningful the fact (that 
was pointed out in Section 4) that there are "exceptional" multisymplectic geometries (i.e., 
multisymplectic forms) whose group of automorphisms is finite-dimensional. 

Finally, we want to remark that Theorem ^ (which plays a relevant role in this work) 
is just a partial geometric generalization for multisymplectic manifolds of Lee Hwa Chung's 
theorem. A complete generalization would have to characterize invariant forms of every degree 
(work in this direction is in progress). Our guess is that, in order to achive this, additional 
hypothesis must be considered, namely: strong nondegeneracy of the multisymplectic form 
and invariance by locally Hamiltonian multivector fields of every order. Nevertheless, it 
is important to point out that the hypothesis that we have assumed here (1-nondegeneracy, 
local homogeneity and invariance by locally Hamiltonian vector fields and locally Hamiltonian 
{k — l)-multivector fields) have been sufficient for our aim. This is a relevant fact since, as 
an example, in the jet bundle description of classical field theories (the regular case), the 
Lagrangian and Hamiltonian multisymplectic forms are just 1-nondegenerate |11, |l^, 



Iq, PQ, p3^, 25, 30, 31 1, and in the analysis of the field equations, only locally Hamiltonian 



{k — l)-multivector fields are relevant [||, H. 
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